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 Abstract—This paper proposes an integrated time-frequency rate distribution (TFRD) technique, i.e., coherently 

integrated trilinear autocorrelation function (CITAF), for the detection and parameter estimation of quadratic 

frequency modulated (QFM) signal embedded in white Gaussian noise. The basic idea is to design a trilinear 

autocorrelation function (TAF) enabling a co-herent integration of the signal energy in both of the time and lag-

time domains. Theoretical analysis and numerical simulations show that this new method has a lower signal to 

noise ratio (SNR) threshold and higher estimation accuracy in comparison with several state-of-the-art 

algorithms. Furthermore, the coherently integrated nonuniform TAF (CINTAF) is briefly introduced. 

Index Terms—Quadratic frequency modulated signal, signal detection, parameter estimation, integrated time-

frequency rate distribution. 

 

I. INTRODUCTION 

Polynomial  phase signal (PPS) analysis is 

a prominent Ptopic in the past few decades, since 

many signals in radar, sonar, seismic, and 

biomedicine are usually modelled as a PPS within a 

certain duration [1]–[3]. With the Fourier transform 

(FT), a complex sinusoid signal (first-order PPS) is 

focused in a frequency bin, and the amplitude, initial 

phase, and centroid frequency (CF) are then easily 

estimated. However, high-order PPS, e.g., linear 

frequency modulated (LFM) signal (second-order 

PPS), quadratic FM (QFM) signal (third-order PPS), 

etc., has a time-varying instantaneous frequency 

(IF), which implies that the FT may be improper for 

high-order PPS analysis. The discrete chirp FT 

(DCFT) [4], Wigner-Hough transform (WHT) [5], 

radon ambiguity function (RAT) [6], integrated 

cubic phase function (ICPF) [7], Lv’s distribution 

(LVD) [8], coherently ICPF (CICPF) [9], and 

parameterized centroid frequency chirp rate 

distribution (PCFCRD) [10] were then proposed and 

proven themselves to be effective for the LFM signal 

analysis. 

 

Various algorithms also have been developed for the 

QFM signal analysis in the past few years. The 

maximum likelihood (ML) technique [11] is linear, 

and has the optimal anti-noise performance. 

However, three-dimensional (3-D) search, which is 

required for its implementation, is a very time 

consuming task. Therefore, many suboptimal 

methods were proposed. 

 

Polynomial phase transform, also called high-order 

ambigu-ity function (HAF) [12]–[15] demodulates a 

QFM signal to a complex sinusoid signal by using 

the phase differentiation (PD) twice, and then 

concentrates signal energy in a frequency bin via the 

FT. By using multi-lag coefficients, the product 

HAF (PHAF) [16], [17] is proposed. The HAF-

based method has a simple structure and only 

requires 1-D maximization[14]. Nevertheless, it 

suffers from serious signal to noise ratio (SNR) loss 

and cross-term due to its fourth-order nonlinearity 

(two times PDs). The subspace-based method [18] 

first converts a QFM signal to another sequence by 

correlation operation. Thereafter, the CR and 

quadratic CR (QCR) are estimated via the multiple 

signal classification (MUSIC) algorithm. The SNR 

threshold of the sub-space-based method is close to 

that of the HAF[15]. 

 

The quasi-maximum likelihood (QML) estimator 

[19], [20] is a linear time-frequency distribution 

(TFD) technique, which es-timates the IF via short-

time FT (STFT). Thereafter, polynomial regression 

and refinement are successively applied to obtain 

fine estimates of phase parameters. The QML 

estimator is linear, and has a great deal of advantages 

for higher-order PPS parameter estimation. 

However, it may be not so prominent for the QFM 

signal analysis (high SNR threshold and high 

computational complexity). The synchrosqueezing 

transform (SST) [21]–[23] is a powerful time-

frequency analysis technique and has a higher 

resolution than the STFT. Combining the 
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polynomial regression and refinement, the SST can 

be also applied to complete QFM signal parameter 

estimation. 

 

The cubic phase function (CPF) [24]–[26] is a 

typical time-frequency rate distribution (TFRD) 

technique, which estimates the CR and QCR in 

terms of two frequency rates (FRs) at two different 

time positions. Nonuniform CPF [27], [28] and 

high-resolution TFR representation [29] are the 

extension forms of the CPF. Owing to their 

bilinearity, these algorithms have a better anti-noise 

performance than the HAF. Nevertheless, their SNR 

thresholds still tend to high since they only complete 

energy accumulation in the lag time domain. 

As we all know, a QFM signal is determined by two 

physical quantities, i.e., the CR and QCR. Once 

these two parameters are estimated, the other 

parameters can be easily estimated via the dechirp 

technique. This is why many researchers have been 

focusing on developing 2-D representation of the 

QFM signal. Typical 2-D representations for the 

QFM signal include the scaled FT (SFT)-based 

method [30], CR-QCR distribution (CRQCRD) 

[31], modified LVD (MLVD) [32], product MLVD 

[33], generalized Hough HAF transform [34], and 

scaled dou-ble autocorrelation transform based 

method [35]. By designing fourth-order 

autocorrelation functions (AFs) and certain opera-

tions, these methods [30]–[35] concentrate a QFM 

signal energy into a peak on a CR-QCR plane. 

Thereafter, the CR and QCR are simultaneously 

estimated in terms of the peak’s coordi-nates. 

Compared with the CPF, their anti-noise 

performance and cross-term suppression are 

certainly enhanced since they complete energy 

accumulation both in the time and lag-time domains. 

However, their anti-noise performance and cross-

term suppression are still dissatisfactory due to their 

fourth-order nonlinearity. 

 

Motivated by the fact that a lower-order AF based 

method may have a better anti-noise performance, 

we propose a trilinear algorithm, i.e., coherently 

integrated trilinear autocorrelation function 

(CITAF), for the QFM signal detection and 

parameter estimation. In the CITAF, a trilinear 

autocorrelation function (TAF) is firstly 

designed[16]. Thereafter, by applying the nonuni-

form fast FT (NUFFT) and multiplication operation, 

the signal energy is accumulated into a straight line 

on a 2-D plane. Moreover, the time-varying phase 

terms are also compensated. Finally, we accomplish 

energy integration along the straight line via 

addition operation, and a CR-QCR space is 

obtained. The CR and QCR are then estimated in 

terms of the peak’s coordinates[17]. Theoretical 

analysis and simulation show that the CITAF has a 

better detection and parameter estimation 

performance in comparison with several state-of-

the-art techniques. 

 

The layout of this paper is as follows. In Section II, 

the prior arts are briefly recalled. Section III 

introduces the principle of the CITAF in detail, and 

presents the CITAF-based QFM signal detection and 

parameter estimation algorithm. The cross-term 

suppression, anti-noise performance, estimation 

accuracy, and computational complexity of the 

CITAF are analyzed in Section IV, and several 

numerical examples and comparisons are provided. 

The coherently integrated nonuniform TAF 

(CINTAF) is briefly introduced in Section V. 

Finally, we draw the conclu-sions in Section VI. 

II. PRIOR ARTS 

 

We consider a noise-free QFM signal of the form: 

 

s (tn ) = A0 exp j2π φ0 + α0tn + β0tn
2/2 + 

γ0tn
3/6 , (1) 

where tn ∈ [−T /2, T /2] denotes the time variable, 

A0, φ0, α0, β0,γ0, and T are the amplitude, initial 

phase, CF, CR, QCR, and duration of the QFM 

signal, respectively. 

 

For the HAF, after applying the PD twice, the QFM 

signal is demodulated to a complex sinusoid signal, 

and then the FFT is applied to estimate the QCR. 

HAF ( ft , τ0 ) = X1 (tn + τ0 ) X1
∗ (tn − τ0 

)τn *exp (− j2π ft tn ) dtn = AHAFδ  ft - 4τ2 

0γ0 ,------(2) 

where ∗ denotes the complex conjugate operation, 

X1 (tn ) = s(tn + τ0 )s ∗ (tn − τ0 ) is the result of the 

first PD operation, AH AF represents the amplitude 

after the FFT. With the estimate of the QCR, the 

other parameters are estimated via the dechirp 

technique. 

 

The CPF [24] is defined as follows: 

CPF (tn ,  fF R ) = BAF0 (tn , τn ) exp − j2π fF R 

τ2
n  d τn = s2 (tn ) δ fF R − (β0 + γ0tn )  (3)  

where  
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BAF0 (tn , τn ) = s (tn + τn ) s (tn − τn ) = s2 (tn ) 

ex p j2π (β0 + γ0tn ) τ2
n , (4)  

 

is a bilinear autocorrelation function, τn denotes the 

lag-time, fF R stands for the frequency domain with 

respect to τn , i.e., FR domain, δ(•) denotes the Dirac 

delta function. 

It is seen from (3) that the signal energy is 

concentrated into 

a straight line fF R = β0 + γ0tn on the time-

FR (TFR) plane. By estimating two FRs at two 

different time positions, the CR and QCR are easily 

deduced. The CPF can be efficiently implemented 

by the NUFFT with the computational cost of O(4N 

log2N ) [31], [36]. 

The AF of the CRQCRD [31] is defined as: 

 

 
where τ0 is a constant delay. 

 

Thereafter, the SFT [37] is applied to decouple the 

quadratic coupling between tn and τn , and also 

realizes the energy accumu-lation in the time 

domain, followed by the FT along the lag-time axis, 

i.e., 

 
where Ac denotes the amplitude after 2-D coherent 

integration. As shown in (6), a peak appears in the 

newly obtained 2-D spectrum, the CR and QCR are 

then estimated in terms of the peak’s 

coordinates[13]. 

 

When τ0 = 0, the AF of CRQCRD is equal to that of 

the SFT-based method [30]. Compared with the 

SFT-based method, τ0 is introduced in the AF of the 

CRQCRD to reduce the noise correlation, which in 

turn improves the anti-noise performance [31]. So 

the CRQCRD has a lower SNR threshold than the 

SFT-based method. This conclusion will also be 

theoretically analyzed in Section IV-B. 

   

From the above introduction, we observe that the 

HAF and CPF only realize 1-D coherent integration. 

Although the SFT-based method and CRQCRD 

accomplish 2-D coherent integra-tion, the fourth-

order AFs adopted by them will significantly 

influence their anti-noise performance. In the 

following section,we will propose the CITAF for the 

QFM signal analysis. 

III. QFM SIGNAL DETECTION AND 

PARAMETER ESTIMATION BASED ON THE 

CITAF 

A.  Principle of the CITAF 

We first consider a bilinear AF: 

 
Substituting (1) into (7) yields: 

BAF (tn, n) = s2 (tn) exp j2π (β0 + γ0tn) ( n + 

0)2 . (8) 

Equation (8) can be rearranged as: 

BAF (tn, n) = A0s (2tn) exp ( j2πφ0)× exp j2π (β0 

+ γ0tn) ( n + 0)2 - tn2 .(9) 

To compensate s(2tn), a TAF is defined as: 

TAF (tn, n) = s (tn + n + 0) s (tn - n - 0) s∗  

(2tn) (10) 

Substituting (1) into (10) yields: 

TAF (tn, n) = A3 0 exp ( j2πφ0) exp -j2π (β0 + 

γ0tn) tn2× exp j2π (β0 + γ0tn) ( n + 0)2 . (11) 

Thereafter, we can realize energy accumulation in 

the lag-time domain by the FT: 

TFR0 (tn, fF R n TAF (tn, n) × exp -j2π fF 

R n d n = AT exp( j2πφ0)exp-j2π(β0 + 

γ0tn)tn2× δ fF R - (β0 + γ0tn) , (12) 

where AT denotes the amplitude after the Fourier 

transform in the lag-time domain. From (12), it 

follows that the signal energy is accumulated into a 

straight line on the TFR plane. If we want to 

coherently integrate the signal energy along fF R = 

β0 + γ0tn, the time-varying phase term should be 

well compensated. With the sampling property of 

Dirac delta function 

h ( f ) δ ( f − f0 ) = h ( f0 ) δ ( f − f0 ) ,   (13) 

(12) can be approximated as: 

TFR0 (tn, fF R) ≈ AT exp ( j2πφ0) exp -j2π fF Rtn2× 

δ fF R - (β0 + γ0tn)  (14) 

Thus the time-varying phase term can be easily 

compensated: 

TFR (tn, fF R) = TFR0 (tn, fF R) exp  j2π fF Rtn2≈ 

AT exp ( j2πφ0) δ fF R - (β0 + γ0tn)    (15) 

Therefore, coherent integration can be easily 

accomplished by addition operation: 

 
where Acdenotes the amplitude after signal energy 

accumulation along fF R = β0 + γ0tn, βsand γs 
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denote the searching CR and QCR, respectively. 

Only when the CR and QCR are matched by 

the searching parameters, the signal energy along fF 

R = β0 + γ0tn can be fully integrated. Finally, we can 

estimate β0 and γ0 by searching the peak of |g(βs, 

γs)|2, i.e., βˆ0 = βs, γˆ0 = γs = arg max(βs, γs )g (βs, 

γs)|2 (17)where ‘arg max’ denotes the argument 

which maximizes. βˆ0andγˆ0 denote the estimates of 

the CR and QCR, respectively. 

 

Remark 1: The TAF in (10) requires s(2tn), so 

redundancy information as long as the effective 

signal length is necessary for the CITAF. The 

constant delay τ0 in the TAF is then set as half of the 

effective signal length to maximize the redundancy 

information. For example, if the total signal length T 

= 4 s, then the effective signal length is set as 2 s, τ0 

is set as 1 s. 

 

IV. PERFORMANCE ANALYSIS AND 

COMPARISON 
 
A. Cross-Term Suppression 
 

The CITAF is trilinear and cross-term will appear 
un-der multi-component QFM signals. For reasons 
of simplic-ity, we consider two-component QFM 
signals, i.e., s1 (tn ) and s2 (tn ), for the cross-term 
analysis.  

 

B. Anti-Noise Performance 
 

In this sub section, the output SNR is deduced in 
closed form, and applied to characterize the anti-

noise performance.  
We start with a noisy QFM signal in the discrete 

form: 
 

x (n) = s (n) + z (n) 
 

= A0  exp  j2π  φ0 + α0nTs + β0n2Ts
2/2 + γ0n3Ts

3/6 
 

+ z (n) , (n = −N /2, −N /2 + 1, . . . ,  N/2 − 1) 

, (17) 
 
where Ts denotes the sampling interval, N represents 
the number of samples, z(n) is a zero-mean white 
Gaussian noise with the variance of σ 2. 
C. Estimation Accuracy 

In this sub section, by employing the first-order 
perturbation principle [5], [7], [9], [10], the 
asymptotic mean square errors (AMSEs) of the 
estimated CR and QCR are deduced in closed forms, 
and applied to characterize the estimation accuracy 
D. Computational Complexity 

 

We compare the computational complexities of 

the CITAF, CRQCRD, the SFT-based method, CPF, 

QML estimator, the SST-based method, and HAF in 

terms of the number of complex multiplications. 

Denote the number of samples of the effective signal 

by N. 

 

The CITAF mainly contains four steps. First, 
calculate TAF(tn , τn ) [O(N 2 )]. Second, perform the 
NUFFT along the lag-time axis [O(2N 2 log2N )]. 
Third, compensate the time-varying phase item 
[O(N 2 )], Fourth, complete the coherent integration 
along fF R = β0 + γ0tn , which can be efficiently 
implemented by complex addition operations. 
Therefore, the number of complex multiplications is 
in the order of O(2N 2log2N ). 

V. COHERENTLY INTEGRATED 

NONUNIFORM TRILINEAR 

AUTOCORRELATION 
FUNCTION 

 

In this section, the CINTAF is briefly introduced. 

The nonuni-form CPF defined in [27] may be 

expressed as: 

------(18) 
where ε is a constant. Compared with the CPF, 
nonuniform CPF can be implemented with the FFT. 

Based on the proposed CITAF and the idea of 
nonuniform CPF, the CINTAF is introduced. We 
first define a nonuniform btrilinear autocorrection 
function (NTAF). 

--*------(19) 
In (19), the first exponential term is a complex 

sinusoid signal with respect toτn , whereas tn and τn 

couple with each other in the second exponential 

term. Then, the SFT can be applied to remove such 

coupling. Performing the SFT on (19) along the time 

axis, we obtain: 

R ( ft , τn ) = NTAF (tn , τn ) exp − j2π ft  (τn + τ0 

) tn  dtn=A1 exp j2π (φ0 + β0τ0 + β0τn ) δ ( ft − γ ) . 

(20) 

Finally, we can accomplish signal energy 

accumulation along the lag axis by the FFT 
operation, i.e., 

CINTAF ( ft, fτ) = A2 exp j2π (φ0 + βτ0)× δ ( fτ - 

β0) δ ( ft - γ0)----(21) 

It is worthwhile noting that the defined NTAF 

requires s(t0)at non-integer samples. These values 

can be obtained by the following two steps [27], 
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[28]. 

Step 1: Interpolate s(tn) by a factor 2 or 4 

employing some conventional interpolation 

technique to obtain s1(tˆn); 

Step 2: Approximate s(t0) at arbitrary time t0 by. 

 

where t0 denotes rounds t0 to the nearest tˆn 

greater or equal to t0, t0 denotes rounds t0 to the 

nearest tˆn less or equal to t0.  

VI. CONCLUSION AND FUTURE WORK 

In this paper, we have proposed the CITAF for the 

QFM signal detection and parameter estimation. The 

main characteristics of this method include: 1) A 

trilinear autocorrelation function is employed. 2) 

Two-dimensional coherent integration is completed. 

3) It can be efficiently implemented via the NUFFT. 

Owing to these characteristics, the CITAF has a 

better anti-noise performance than the CRQCRD, 

the SFT-based method, CPF,QML, the SST-based 

method, and HAF, while offering a proper 

computational complexity. So the CITAF may be 

more appropriate0 for the QFM signal analysis. 

The CINTAF is also introduced in this paper, and its 

performance may be further studied. The noisy 

multi-component QFM signal widely exist in 

synthetic aperture radar ground moving target 

imaging (SAR-GMTIm), inverse SAR imaging, and 

radar maneuvering target detection. Therefore, it 

might be interest to study the CITAF applications in 

these fields. It is well known that a higher-order PPS 

can be demodulated to a QFM signal via the phase 

differentiation, so the CITAF-based higher-order 

PPS analysis may be another future work. 
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