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Abstract— Design of robust Sliding 

Mode Control (SMC) for the 

stabilization of uncertain non-linear 

systems is presented in this article. 

Based on auxiliary feedback control 

and Lyapunov function, a sufficient 

condition is derived for the design of 

stable sliding surface in terms of 

Linear Matrix Inequality (LMI).The 

SMC total control law input is derived 

to ensure the state convergence to 

sliding surface. LMI guarantees the 

asymptotic stability of the system 

states and hence the closed-loop 

stability. It eliminates the reaching 

phase, enhances the closed-loop 

performance and reduces the 

chattering effect. The performance of 

LMI-based SMC is compared and 

proven better over classical SMC.  

The two illustrative simulations; first, 

Laboratory tank level control system 

with step input signal and second, 

single stage inverted pendulum system 

with sinusoidal input signal, have been 

carried out to elicit the effectiveness of 

methodology. 

 

Keywords— Sliding mode control, 
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1. INTRODUCTION 

 
International Federation of Automatic 

Control (IFAC) conducted a meeting to 

identify the benchmark problems of 

various control systems in the year 1990. 

They identified the level control system 

as benchmark problems as it contains 

uncertainties and nonlinearities. 

To tackle the problems of uncertainties, 

nonlinearities and external disturbances 

of level control systems, many 
researchers have designed different 

forms of Proportional-Integral-

Derivative (PID) controllers [1]. 
However, PID controller has certain 

drawbacks such as proportional-

derivative (PD) kicks, re-tuning has to 

carry out in presence of uncertainties and 
nonlinearities, unsatisfactory 

performance in presence of time-delay 

etc. It is inadequate for the systems with 
relative degree higher than two or non-

minimum phase systems. Thus, classical 

PID controllers are not capable to handle 

all above drawbacks. 

The author [2] used filters in the feedback 
path and input side of the controller to 

enhance the time-domain and frequency-

domain performance. But, the stability of 
closed-loop system is degraded in 

filtering the signals. 

Particularly, SMC is emerged as efficient 

control method to handle the system 

uncertainties and external disturbances. It 
achieves good transient as well as steady-

state performance due to its robust 

nature. Unfortunately, classical SMC 
leads to a dangerous chattering effect in 

control input due to inclusion of  

“signum’’ term in the switching control 
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law. Also, the control performance in 

SMC is highly dependent on the fine-
tuning of sliding surface gain coefficients 

and switching gain in discontinuous 

control input [3-5]. 

To handle the stabilizing and tracking 
problem of uncertain dynamical systems, 

recently various nonlinear control 

strategies have been presented such as 

robust control [6], fuzzy and adaptive 
control [7] and their hybrid 

combinations. However, in all the 

algorithms reported, chattering 
phenomenon of switching control signal 

may still appear under operating 

conditions. Nevertheless, the controller 
design procedure is not systematic and 

quite complex. 

Since 1990s, LMI have been extensively 

used in control applications as it offers 

following advantages: 

1. LMI formulates many 
engineering optimization 

problems. 

2. It provides global optimum. 
3. Different LMI solvers can be 

used to handle optimization 

problems. 

4. Also, constraints can be added to 
the problem once the control 

problem is converted to LMI. 

In this paper, a classical SMC is 

presented to analyze stability, robustness 

of the controller and finite-time 
convergence property of the system. LMI 

approach with auxiliary feedback has 

been employed for guarantying the 

convergence of system states to origin. 
The control law has been formulated to 

guarantee the error trajectories reaches in 

finite-time at switching surface. The 
control scheme is not dependent on the 

system model order. 

Presentation of the paper is divided as 

follows: next section is devoted to 

problem description and assumptions. 
Section 3 presents the controller design 

based on virtual feedback while 

performance evaluation of Laboratory 
level control system and single stage 

inverted pendulum system has been 

elicited in Section 4. Finally, conclusions 

are presented. 

 

2. PROBLEM DESCRIPTION 

AND ASSUMPTIONS 

Consider uncertain system of the form, 

))()(()()( tdtuBtAxtx
dt

d
                

(1) 

where,𝑥 ∈ ℜ𝑛 is the system states,  𝑥 =
[𝑥1  𝑥2 ]

 𝑇, 𝑢 ∈ ℜ𝑚 is the control input, 

A and B are known constant matrices and 

external disturbances are represented by 

d(t). 

Assumption: 1 

The pair (A, B) is stabilizable and matrix 

B is full column i.e. ∃ matrix K such that 

𝐴 ̅ = (𝐴 − 𝐵𝐾) is stable. 

Lemma 1: Schur Complement [8] 

For a given symmetric matrix, ∃ M such 

that 𝑀 = (
𝐴 𝐵

𝐵𝑇 𝐷
) where, 𝐴 =

𝐴𝑇 ,𝐵 = 𝐶𝑇  and 𝐷 = 𝐷𝑇 . 

The condition M< 0 is equivalent to D< 0 

and 𝐴 = 𝐵𝐷−1𝐵𝑇 < 0 

Assumption: 2 

The uncertainties in the system matrix 

with F(t) (unknown time-varying 

matrices) are such that it 

satisfies 𝐹𝑇(𝑡) 𝐹(𝑡) ≤ 𝐼. 

From this assumption 2 one can observe 

that uncertainties can be expressed with 

an appropriate structure of F (t). 

Assumption: 3 

The external disturbance d(t) is bounded 

as ||d(t) || ≤ 𝛿𝑓 
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3. CONTROLLER DESIGN 

3.1 Equivalent Sliding Mode 

Control 

The sliding surface is selected as: 

    𝑠(𝑡) =  𝐵𝑇𝑃𝑥(𝑡) = 0                  (2) 

where, 𝑃 ∈ ℜ𝑚𝑋𝑚 is a 2 X 2, positive 

definite matrix. 

With total control input, the system 

trajectories are driven onto the sliding 
surface represented by Eq. (2) from any 

initial state. Total control input is 

addition of equivalent control input and 
switching control input which is given by 

[9] 

      𝑢(𝑡) = 𝑢𝑒𝑞(𝑡) + 𝑢𝑠𝑤(𝑡)            

(3) 

With the equivalent control input, one 

has, 

𝑢𝑒𝑞(𝑡) = −(𝐵𝑇𝑃𝐵)−1[𝐵𝑇𝑃𝐴 𝑥(𝑡)]    

                                                           (4) 

and the switching control input is,                                                                                          

      𝑢𝑠𝑤(𝑡) =
−(𝐵𝑇𝑃𝐵)−1{||𝐵𝑇𝑃𝐵|| 𝛿𝑓 +

ω}sgn (s(t))                                                      

(5) 

where,  ω is positive constant. 

Proof: Consider the Lyapunov function 

as [10] 

            𝑉(𝑡) = 𝑠𝑇(𝑡)𝑠(𝑡)                (6)                                    

The first-time derivative of Eq. (6) is, 

𝑑

𝑑𝑡
𝑉(𝑡) = 𝑠𝑇(𝑡)𝑠(𝑡), 𝑠(𝑡) ≠ 0                   

                                                            (7) 

From Eq. (2), one has, 

𝑑

𝑑𝑡
𝑉(𝑡) = 𝑠𝑇(𝑡)[𝐵𝑇𝑃

𝑑

𝑑𝑡
𝑥(𝑡)] 

= 𝑠𝑇(𝑡)[𝐵𝑇𝑃𝐴 𝑥(𝑡) + 𝐵𝑇𝑃𝐵(𝑢𝑠𝑤(𝑡)

+ 𝑑(𝑡)] 

≤ |𝑠(𝑡)||𝐵𝑇𝑃𝐵||𝛿𝑓

− 𝑠𝑇(𝑡)|[|𝐵𝑇𝑃𝐵|𝛿𝑓

+ 𝜔]𝑠𝑔𝑛 (𝑠(𝑡)) 

≤  −𝜔 |𝑠(𝑡)| ≤ 0                                       

                                                            (8) 

Eq. (8) shows the stability condition 

which is 𝜔 > 0. With this condition, the 

Lyapunov function is negative definite. 

The condition in Eq. (8) assures that the 

sliding surface 𝑠(𝑡) converges to zero in 

the finite time and the trajectories of the 

system can be driven onto the sliding 

surface. Hence, the proof completed. 

. 

3.2 Sliding Mode Control Based 

on Auxiliary Feedback 

To design robust sliding mode control 

law concerning auxiliary state feedback 

controller, consider the total control input 

 𝑢(𝑡) in Eq. (3) as 

   𝑢(𝑡) =  −𝐾 𝑥(𝑡) + 𝑤(𝑡)              (9) 

where, 𝑤(𝑡) = 𝐾 𝑥(𝑡) + 𝑢𝑒𝑞(𝑡) +

𝑢𝑠𝑤(𝑡) is the virtual control input. 

There exist 𝐾 such that �̅� = (𝐴 − 𝐵𝐾) 

is stable. Therefore, the closed-loop 

system becomes, 

𝑑

𝑑𝑡
 𝑥(𝑡) = �̅� 𝑥(𝑡) + 𝐵(𝑢(𝑡) + 𝑑(𝑡))        

                                                          (10) 

where, 𝐾 is 1 X 2 vector, P, A, and �̅� are 

2 x 2 matrices and 𝐵 is 2 x 1 vector. 

Now, select the direct Lyapunov function 

as 

           𝑉(𝑡) = 𝑥𝑇𝑃 𝑥(𝑡)                 (11) 

The first-time derivative of Eq. (11) is 

𝑑

𝑑𝑡
𝑉(𝑡) = 2 𝑥𝑇𝑃 

𝑑

𝑑𝑡
𝑥(𝑡)

= 2 𝑥𝑇𝑃[�̅� 𝑥(𝑡)

+ 𝐵(𝑢(𝑡) + 𝑑(𝑡))] 
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= 2 𝑥𝑇𝑃�̅� 𝑥(𝑡) + 2 𝑥𝑇𝑃𝐵(𝑤(𝑡) +
𝑑(𝑡))                                            

                                                    (12) 

For 𝑡 ≥ 𝑡0, ∃ 𝑠(𝑡) = 𝐵𝑇𝑃 𝑥(𝑡) = 0  

i.e. 𝑠𝑇(𝑡) = 𝑥𝑇𝑃𝐵 = 0. Therefore, 
from Assumption 1 and Lemma 1, one 

has, 

𝑑

𝑑𝑡
𝑉(𝑡) = 2 𝑥𝑇𝑃�̅� 𝑥(𝑡) =

2 𝑥𝑇𝑀 𝑥(𝑡)                                                          

(13) 

Now, to have Lyapunov function 

negative definite  i.e. 
𝑑

𝑑𝑡
𝑉(𝑡) < 0, 𝑀 <

0is the required condition and  

  𝑃�̅� + �̅�𝑇𝑃 < 0                                       
(14) 

As �̅� is Hurwitz, then 𝑃�̅� + �̅�𝑇𝑃 < 0   

is guaranteed [11]. Multiplying by 𝑃−1 

to both sides of Eq. (14), yielding, 

 �̅�𝑃−1 + 𝑃−1�̅�𝑇 < 0                       (15) 

Let 𝑋 = 𝑃−1, one has, 

         �̅�𝑋 + 𝑋�̅�𝑇 < 0                   (16)     

Substituting �̅� = (𝐴 − 𝐵𝐾), 

(𝐴 − 𝐵𝐾)𝑋 + 𝑋(𝐴 − 𝐵𝐾)𝑇 < 0 (17)     

Let 𝐿 = 𝐾𝑋, yielding, 

 𝐴𝑋 − 𝐵𝐿 + 𝑋𝐴𝑇 − 𝐿𝑇𝐵𝑇 < 0      (18) 

In LMI, to obtain 𝑃 matrix as a 

symmetrical matrix, one has, 

𝑃 = 𝑃𝑇or𝑋 =
𝑋𝑇                                               (19) 

 

4. PERFORMANCE EVALUATION 

4.1  An Application to 

Laboratory Tank System 

To validate the LMI-based SMC, 

experimentation is carried out on 

Laboratory level control trainer as shown 
in Fig. 1. The NI PCI 6024E data 

acquisition card along with BNC 2120 

connection board is used to interface a 
PC with the system. The inlet flow-rate to 

the tank is manipulated via control signal 

applied to Analog Output (AO) channel. 
Control signal in the range of 0-5V is 

applied to Variable Frequency Drive 

(VFD) which drives the positive 
displacement pump. The output variable 

(level) is measured through Analog Input 

(AI) channel connected to Level 

Transmitter (LT) fitted on the tank. 

 

Fig. 1 A real-time experimental setup 

An empirical process transfer function is 

obtained from open-loop step test 
response data which is collected by 

applying 60% input to VFD. The drain 

valve is kept open on 50%. For 

experimental open-loop step response in 
which 60% step input is applied to the 

system at 10 seconds. From input-output 

data recorded, a first-order Plus Dead 
Time (FOPDT) transfer function model 

is obtained which is validated with real-

time data as shown in Fig. 2. 

The identified transfer function is, 

        𝐺𝑝(𝑠) =
0.64

(35𝑠+1)
𝑒−4𝑠               (20)                                         

where, steady-state process gain is 0.64. 

The process time-constant is 35 seconds 

while delay-time of the system is 4 

seconds. 
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Fig. 2 Experimental open-loop step 

response of output signal 

The Taylor’s series approximation of 

dead-time gives, 

𝐺𝑝(𝑠) =
0.0046

(𝑠2+0.28𝑠+0.007143)
           (21) 

Therefore, the state space model of the 

system is, 

[
𝑥1̇

𝑥2̇
] = [

0 1
−0.007143 −0.28

] [
𝑥1

𝑥2
]

+ [
0
1

] 𝑢(𝑡) 

𝑦 = [0.0046 0] [
𝑥1

𝑥2
] + 𝐷[0]                  

                                                        (22) 

The sliding surface is selected as per Eq. 

(2) while addition of Eq. (4) and Eq. (5) 

constitutes the total control law input. In 

switching control 𝑢𝑠𝑤(𝑡) , the ‘sigmoid’ 

function is used instead of ‘signum’ 

function to reduce the chattering which is 

represented as [9] 

         𝑢𝑠𝑤(𝑡) = 𝜔 
𝑠(𝑡)

|𝑠(𝑡)|+𝛿
               (23) 

LMI gives the feasible solutions as: 

𝑃 = 10−8 [
0.0002 −0.2493
0.2493 0.0005

],  

�̅� = [
0 1
1 −0.0030

],  

𝑋 = 108 [
−0.008 −4.0110

−4.0110 −0.0039
], 

𝐾 = [−1.0071 0.2830], 

𝐿 = 108[−1.1269 4.0385]. 

The eigenvalues of  �̅� = [ 0.9985
−1.0015

] 

Therefore, one can obtain the sliding 

surface represented by Eq. (2) with 𝑃 =
𝑋−1. Fig. 3 (a-d) is the simulation results 
for step signal input. The parameters 

selected are to be: 𝛿𝑓 = 0.3, 𝜔 =

0.5and 𝛿 = 0.05. The sample time is 

selected as 0.1 second. 

From Fig. 3(a) and Fig. 3(b), it has been 

observed that system states x1 and x2 

converges to zero at 0.5 seconds and 

0.985 seconds respectively. 

 

Fig. 3 Result summary. (a): convergence 

of state x1, (b): convergence of state x2. 
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Fig. 4 Simulation result summary (a): 

control efforts and (b): sliding surface 

variations. 

As observed from Fig. 4(a), the initial 

control signal magnitude 𝑢𝑚𝑎𝑥 is 4.486 

and approaches to zero at 0.5703 
seconds. Fig. 4(b) depicts the nature of 

sliding surface. It converges to zero in the 

finite time. 

Fig. 5 (a-c) explores the performance of 

traditional SMC. 

 

 

Fig. 5 Performance of classical SMC. (a): 
Convergence of states, (b): Sliding 

surface and (c): Control signal. 

From Fig. 5 (a-c), it has been observed 

that for the same parameter selection, the 
“signum” function in the switching 

control input affects the system 

performance. The states x1 and x2 

converge to zero at 7.153 seconds and 
6.765 seconds respectively. The sliding 

surface attains the origin at 1.0153 

seconds while the control input chatters 

in between ±1.304.  

4.2 Single Stage Inverted 

Pendulum System 

The efficacy of LMI-based SMC strategy 

is tested for single stage inverted 
pendulum system for the sinusoidal 

input. The kinetic equations considered 

are[12] 

�̈�

=
𝑚(𝑚 + 𝑀)𝑔𝑙

(𝑀 + 𝑚)𝑙 + 𝑀𝑚𝑙2
𝜃

−
𝑚𝑙

(𝑀 + 𝑚)𝑙 + 𝑀𝑚𝑙2
𝑢(𝑡) 

and 

�̈� =
𝑚2𝑔𝑙2

(𝑀+𝑚)𝑙+𝑀𝑚𝑙2 𝜃 −

𝐼+𝑚𝑙2

(𝑀+𝑚)𝑙+𝑀𝑚𝑙2 𝑢(𝑡)                                        

                                                          (24) 

where,  𝐼 =
1

12
𝑚𝐿2, 𝑙 = 0.5𝐿, 𝜃 and x 

are pendulum swing angle and cart 

position respectively, 𝑔 = 9.8 𝑚/𝑠2 , M 
is the cart mass, m is pendulum mass and 
u(t) is the control input. The parameters 

selected are: M=1kg, m=0.1kg, L=0.5m, 

𝛿𝑓 = 0.4, 𝜔 = 0.5 and 𝛿 = 0.09. The 

sample time is same as 0.1 second. The 

initial condition for the plant is𝑥0 =

[−
𝑝𝑖

3
 0 4  0]. 

Fig. 6 shows the nominal response of 
pendulum swing angle, its speed, cart 

position and cart speed respectively. 
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Fig. 6 Angle and velocity of pendulum 

system 

Fig. 7(a) and Fig. 7(b) explore the 

variations of control signal and sliding 

surface respectively. The initial 

maximum control effort is 5.145 units. It 
gets stabilized to zero at 4.358 seconds as 

depicted from Fig. 5(a). The sliding 

surface reaches to zero in 0.7037 seconds 
means the sliding mode starts from 

0.7037 seconds. 

 

Fig. 7 Performance summary. (a): 

Control efforts 𝑢(𝑡), (b): Variation of 

sliding surface. 

 

CONCLUSIONS 

In this paper, a LMI-based sliding mode 

control strategy as a convex optimization 
problem has been implemented. The 

sliding surface is defined as a linear 

function of current system states. The 
sufficient condition regarding LMI is 

derived which guarantees the asymptotic 

stability concerning auxiliary feedback 

controller. 

The methodology guarantee the 
trajectories of closed-loop systems can 

well converge to the sliding surface in 

finite time. Finally, two systems are 
explored to illustrate the effectiveness of 

the method. The systems with LMI 

provide a robust performance in spite of 

uncertainties and non linearities as 

compared to traditional SMC.  

LMI-based SMC control strategy 

outperforms the prevalent strategies 

reported in the literature for inverted 

pendulum systems also. 
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